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Abstract. Balanced truncation is a widely used and appreciated projection-based model reduction technique for linear
systems. This technique has the following two important properties: approximations by balanced truncation preserve the
stability and the H∞ -norm (the maximum of the frequency response) of the error system is bounded above by twice the
sum of the neglected singular values. This paper tries to extend the framework of linear balanced truncation to systems with
a quadratic output. For such systems, the controllability Gramian remains the same. The observability Gramian is computed
from a linear system with multiple outputs that is derived from the quadratic output of the original system. We give a numerical
example for a large-scale system arising from structural analysis.
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INTRODUCTION
The goal is to adapt the framework of linear balanced truncation to systems Q with a quadratic output
 2
s Mq(s) + sDq(s) + Kq(s) = Bu(s)
Q=
,
q(s)T Sq(s) = y(s)

(1)

where K, D and M ∈ Rn×n are respectively the stiffness matrix, the damping matrix and the non-singular mass matrix,
B ∈ Rn and S ∈ Rn×n is non-symmetric and of rank r with r ≪ n, q(s) ∈ Rn is the state vector, u(s) ∈ R is the control
input and y(s) ∈ R is the output. Note that s = iω where ω is the frequency. Systems of the form Q have two difficulties
which make it impossible to use the standard balanced truncation method: first, the second order state equation and,
second, the non-linear output equation.
Methods and approaches for structure preserving model reduction of second order systems using balanced truncation
are proposed in the literature [1, 2, 3, 4, 5]. In this paper, the stress is on the quadratic output and less on the efficient
reduction of second order systems.
Since our approach can be combined with any method for the model reduction of second order systems with linear
output, we chose in this paper, as a proof of concept of the method, for a classical model reduction approach for second
order systems where we first linearize the second order state equation. By linearization, we mean the transformation
of the state equation of (1), which is linear and of second order, into a set of two coupled linear equations of first order
[7, 8]. We rewrite (1) as a first order generalized state space system with an output which is still quadratic

sE x(s) = A x(s) + Bu(s)
,
(2)
Qlin =
y(s) = x(s)T S x(s)
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T
where x(s) = q(s)T , sq(s)T . Note that by this linearization, the dimension of the system doubles: x(s) ∈ R2n ,
E ∈ R2n×2n , A ∈ R2n×2n , B ∈ R2n and S ∈ R2n×2n . An example of linearization is








B
S 0
−K 0
C M
.
, B=
, S =
, A =
E =
0
0 0
0
I
I 0
b is obtained by first choosing matrices W , V ∈ R2n×k each with orthonormal columns and then
A reduced model Q
defining

+ Br u(s)
b = sEr x̂(s) = Ar x̂(s)
Q
,
(3)
ŷ(s) = x̂(s)T Sr x̂(s)

where Er = W T E V , Ar = W T A V , Br = W T B and Sr = V T S V .

LINEAR BALANCED TRUNCATION
Balanced truncation [9] is a widely used model reduction technique for linear systems. This technique was first
introduced by Mullis and Roberts [10] and later in systems and control theory by Moore [11]. The underlying
approximation theory was developed by Glover [12]. Consider the linear-time invariant system

sx(s) = Ax(s) + Bu(s)
L=
,
(4)
y(s) = Cx(s)
where A ∈ Rn×n , B ∈ Rn×m , C ∈ R p×n , x(s) ∈ Rn is the state, u(s) ∈ Rm is the input and y(s) ∈ R p is the output. The
number of states n is called the dimension or order of the system L. Closely related to this system are two Lyapunov
equations:
AP + PAT + BBT = 0,
AT Q + QA +CT C = 0
(5)
where P ∈ Rn×n and Q ∈ Rn×n are respectively called the controllability and observability Gramians. These matrices
are unique, symmetric and positive definite under the assumption that A is stable, i.e. all eigenvalues of A have
negative real parts, and (4) is controllable and observable. These Gramians P and Q play a central role in balanced
truncation, because the balanced truncation technique chooses the columns of the matrices W and V as the left and
right eigenvectors associated with the k largest eigenvalues of the product P · Q. The square roots of the eigenvalues
of P · Q are the singular values of the Hankel operator associated with L and are called the Hankel singular values σi
of the system L:
p
σi (L) = λi (PQ).
Theorem 1 Given the controllable, observable, stable and balanced system L̃, the reduced-order system L̂ obtained
by balanced truncation is again stable and the H∞ -norm (the maximum of the frequency response) of the difference
between the full-order system L and the reduced-order system L̂ is upper bounded by twice the sum of the neglected
Hankel singular values, multiplicities not included:
ky − ŷkH∞ ≤ 2(σ p+1 + · · · + σq ).

(6)

The above theorem states that if the neglected Hankel singular values are small, then the systems L and L̂ are
guaranteed to be close. Note that (6) is an a priori error bound. Hence, given an error tolerance, we can decide how
many states we have to truncate without forming the reduced model.

BALANCED TRUNCATION OF SYSTEMS WITH A QUADRATIC OUTPUT
In this section, we extend the framework of linear balanced truncation to system Q (1) with a quadratic output.
Therefore we use the linearized form Qlin (2).
As discussed higher, the Gramians play an important role in balanced truncation. After the linearization of Q, it is
possible to readily compute the controllability Gramian P of the linearized system Qlin from
A PE T + E PA T + BB T = 0.
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Note that also the size of this Gramian is doubled (P ∈ R2n×2n ). This controllability Gramian P is still a symmetric
positive definite matrix. This is not possible any longer for the observability Gramian Q.
We will now give an alternative to obtain a ‘Gramian’ Q from the non-linear output equation of (2). In this method,
we use the symmetric part of the matrix S . Next, we use P and Q to form the matrices W and V and we apply
balanced truncation to the complete system Q.
As the output y(s) of system Qlin is scalar, it is easy to see that
y(s) = x(s)T

S +S T
x(s).
2

First, assume that (S + S T )/2 is symmetric positive definite. Then there is an L so that L L T = (S + S T )/2 with
L ∈ R2n×r . The output can then be written as y(s) = kz(s)k22 where z ∈ Rr is the output of

sE x(s) = A x(s) + Bu(s)
Q2 =
.
z(s) = L T x(s)
b 2 is obtained using a
Now, this is a linear system with single input and multiple outputs (SIMO). A reduced model Q
method for linear systems. The generalized Laypunov equation for the observability Gramian Q2 is
1
A T Q2 E + E T Q2 A + (S + S T ) = 0,
2

since (S + S T )/2 = L L T . We have the following connection with the error on y(s) = kz(s)k22 : when kz(s)k2 is
bounded on the iω axis, we have that
max kz(iω )k22 − kẑ(iω )k22 ≤ max kz(iω ) − ẑ(iω )k2 · kz(iω ) + ẑ(iω )k2 .
ω ∈R

ω ∈R

The factor kz(iω ) − ẑ(iω )k2 is bounded by the truncation error obtained from balanced truncation of system Q2 .
When S + S T is indefinite, we form the factorization (S + S T )/2 = L DL T with D a diagonal matrix with ±1
on the main diagonal. We still develop a reduced model for Q2 and compute ŷ(s) as ẑ(s)T Dẑ(s).
Using the controllability Gramian P and the ‘Gramian’ Q2 we can form the matrices W and V and we obtain the
b
following reduced order model Q


T
T
sEr x̂(s) = Ar x̂(s) + Br u(s)
V x̂(s) +W T Bu(s)
b = sW E V x̂(s) = W A
b
Q
or
Q
=
ŷ(s) = x̂(s)T Sr x̂(s)
ŷ(s) = x̂(s)T V T S V x̂(s)
where Er ∈ Rk×k , Ar ∈ Rk×k , Br ∈ Rk , Sr ∈ Rk×k , x̂(s) ∈ Rk , u(s) ∈ R and ŷ(s) ∈ R. We can prove that this reduced
b is again stable.
order system Q

NUMERICAL EXPERIMENT
This section shows the results of balanced truncation applied on an application with a model with a quadratic output.
In this application, we consider the model of a floor inside a building [13] with dimensions 10m × 10m × 0.3m. Its
Young’s modulus, Poisson’s ratio, proportional damping ratio and density are respectively 30GPa, 0.3, 0.1 and 2500
kg/m3 . We use a DKT shell element finite element model [14] for the floor. The excitation is a point load in the middle
point of the floor. This leads to matrices of order 29799. The matrix S computes the square mean of the displacement
in four points selected around the point of excitation. This leads to a positive semidefinite matrix S of rank four. We
used a block form of the Arnoldi-Lyapunov method [15]. See [6] for a structure preserving implementation for this
type of problems.
The Gramians were approximated by matrices of rank 16. Figure 1 shows the output of the model for a unit input
and the errors of the reduced output for different orders of the reduced models. Evaluating the large-scale model in 201
frequencies ω = 0 : 1 : 200, takes in M ATLAB about 6 min and 15 sec. For an increasing number of frequencies, the
computation time scales linearly. On the other hand, the evaluation of the reduced order model is very fast, but we also
have to take the computation of the reduced order model into account. The construction of the Gramians dominates
the computation time, but the total computation time to calculate the output of the reduced model of order k = 16 takes
only 45 sec in M ATLAB. The extra computation time for an increasing number of frequencies is almost negligible.
Using model reduction by balanced truncation on this system gives a gain factor of the computation time of more than
8. This illustrates the importance of balanced truncation on systems with a quadratic output.

2035

−4

−4

10

10

Ytrue
k=4
k=8
k = 16

−6

10
−5

−8

10

10

Absolute error

Y

−10

−6

10

−7

10

−12

10

−14

10

−16

10

10

−18

10
−8

10

−20

0

20

40

60

80

100
omega

120

140

160

180

200

10

0

20

40

60

80

100
omega

120

140

160

180

200

FIGURE 1. The results of the numerical experiments: (left) the output of the model for a unit input and (right) the error of the
error of the reduced outputs for a unit input and order k = 4, 8, 16.

CONCLUSIONS
The framework of balanced truncation is extended to linear systems with a quadratic output. The proposed method
writes the SISO system with a quadratic output as a linear SIMO system and uses this system to construct the matrices
V and W . The numerical experiments on a practical application show that using the proposed method of balanced
truncation on systems with a quadratic output can give a significant time gain.
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